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Abstract

A discrete-time linear model of a manufacturing facility is constructed from an input-
output analysis of the system. The model represents the proportionality dependency between
the inputs and the outputs, and the lead-times between order release and order completion.
An extended state representation of the model is constructed, and a state feedback control
approach is proposed.

Using positive invariance relations for polyhedral domains, conditions are provided un-
der which the respect of production and inventory capacity constraints are satisfied by the
system trajectory. Robustness with respect to demand fluctuations and lead-time variations
is characterized by levels of admissible bounds on persistent disturbance inputs.

A solution to the constrained control problem is proposed and positive invariance do-
mains associated to this control are constructed.
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1 Introduction

A convenient technique for integrating the timing aspects in the input-output analysis of a multi-
level production system is to represent the system by a MIMO (Multi Input - Multi Output)
linear dynamical model with delays. To adequately represent a production-inventory system,
such a model should also include constraints on stock levels and production capacity.

In general, the purpose of a production plan is to combine production and inventory man-
agement so as to find a good trade-off between maximizing the probability to satisfy the demand
without delay and minimizing the inventory costs. Due to its complexity, the planning problem
is usually formulated over different time horizons and for different levels of product aggregation.
The most classical scheme consists of solving an aggregate planning problem and deriving from
it a detailed production plan.

This classical scheme can be improved by directly using the final demand in the detailed
planning problem and solving a single optimization problem. This scheme can be achieved in
a systematic way using the discrete-time dynamic model presented in section 2. Such a model
could be used in a classical open-loop predictive framework. An optimal detailed plan would
then be computed on the basis of forecasts of future external demand, productivity and lead-
times. Some major drawbacks of this approach, in a real environment, are the need for frequent



replanning, and the risk of nervousness of the production policy. These drawbacks are strongly
connected to the "open-loop” feature of classical planning techniques.

A natural consequence of this analysis is to try to apply feedback control techniques to
production planning problems. In reality, some system feedback always has to be introduced to
provide the production system with reactivity. The MRP technique itself tends to implement
feedback on stock levels, but is is only partly reactive, because it combines such closed-loop
measurements with open-loop data on forecasted demands and requirements.

The Kanban technique can be seen as a true feedback control technique, based both on real
stocks and real demands measurements. It is reactive and robust, but limited to manufacturing
systems with a simple structure and a regular demand pattern. Rather than a reactive planning
technique, it can be seen as an attempt to suppress the planning stage, sometimes with the
drawback of shortsightedness.

The approach described in section 3 relies on the construction of a feedback control pol-
icy based on a state formulation of the MIMO model of the multi-level manufacturing system.
The feedback data used by the control policy are past production decisions and observation of
current stock levels. The respect of constraints on inventory and production capacity under
limited fluctuations of the external demand is guaranteed by the satisfaction of linear positive
invariance conditions associated to a polyhedral domain of admissible states of the system. The
main advantage of the invariance approach for linear systems and polyhedral regions, is that
the whole control problem can be formulated as a set of linear relations and solved by Linear
Programming. Examples of such domains and associated feedback gain matrices defining the
production strategy are finally presented.

Notations. By convention, inequalities between vectors and inequalities between matrices
are componentwise. In particular, a (componentwise) nonnegative matrix is a matrix having
all its components nonnegative. The absolute value |v| of vector v is defined as the vector
of the absolute value of its components. Matrix I denotes the identity matrix of appropriate
dimension; matrix () denotes the zero matrix of appropriate dimension; vector 1 is the unity

vector of appropriate dimension, defined by 1 = { 1 ... 1 } . The advance operator, ¢, applies

to vector sequences (vy) under the form: qui = viy1. The delay operator is the inverse operator,

denoted ¢!, such that: ¢ 'v, = vp_1. The £> norm is classically defined for bounded vector

sequences h = {h;}, with hy = [hyx  hpi] by: ||kl = SUJI;Hthoo < 0o, under the classical
ke

definition of the infinity norm : ||hg|lcc = max |h|.
i=1,...p

=1,..,

2 The multistage production model

The use of input-output analysis to construct models of production and inventory systems has
become classical since the work of Veinott [Vei69]. Then, in the late 1980’s, Grubbstrém and
his co-authors [GO92, GM94] have introduced lead-times in their input-output based models,
under the form of constant delays. In the framework of continuous-time systems with delays,
they have made use of the Laplace transform to analyze several production policies and to
provide economic interpretations and evaluations [GM94, Mol95]. In this paper, the discrete-
time framework is preferred in relation with feedback control objectives, because it allows for a
finite dimensional state space description of the system, under the assumption of commensurate
delays.



2.1 The static Input-Output model

A Bill of Materials can be constructed to summarize the input and output flows of a manu-
facturing system over some working horizon, 7. Let z denote the cumulated external output
vector and u the cumulated production/supply vector over 7. Then, a static Leontief-type
representation of the system over 7T is :

(R-=8Su== (1)

where R and § are nonnegative matrices. R is the output matrix (for internal and external
transformations) and S the (internal) consumption matrix. The net production matrix, (R — )
relates u to z. For general manufacturing systems, matrices R and § have the same rectangular
structure. If matrix (R — &) is not full row-rank, it represents the possibility to obtain the
same combination of outputs through different activities. If (R — &) is not full column-rank, it
corresponds to the possibility to substitute some production inputs by some other ones.

The product structures studied in this paper are generalized assembly graph. Each produc-
tion activity has several input products, and products of the same type may be used by several
activities. However there is a one-to-one correspondence between output products and activities:
each production activity has exactly one output product. According to a given manufacturing
recipe, the production of one unit of product ¢z consumes components j = 1,..., N in quantities
7, for j =1,..., N. Such production structures can be represented by Gozinto graphs [Vazb5],
which typically characterize the field of application of Requirements planning, and particularly
MRP techniques (see e.g. [Bak93]). They characterize what is sometimes called the explosive
industries [Bur89], because each intermediate or final product can be exploded into its compo-
nents. The input and output matrices representing such generalized assembly graphs are square
matrices. If activities and associated output products have the same index, matrix R is the
identity matrix, /, and matrix & is matrix Il = ((7};)).

It is also assumed that the graph of the product structure has no circuit. Then its places can
be partitionned by levels. Level 0 is for final products, level [ for products which are components
of products of levels stricly less than [ and of at least one level [ — 1 product. Products being
ordered in agreement with the decreasing order of their level, the input matrix Il is nonnegative,
upper triangular with zeros on the main diagonal:

0 mT12 TIN

m=| e . 2)
0 #n_inw
0 ... 0

The net production matrix, (I —II) has all its off-diagonal elements nonpositive. It may be called
an essentially nonpositive matrix [BP79]. Furthermore, it is upper-triangular, and its diagonal
elements are equal to 1. Therefore, det(/ — II) = 1, and more generally, all its principal minors
are equal to 1. It is a well-known characteristic property of an M-matrix (also called a class K
matrix [KWWT5]) to be an essentially nonpositive matrix with all its principal minors positive.
Therefore, matrix (I — I1) is an M-matrix. This implies, in particular, that its inverse (I — I1)~1
is a nonnegative matrix [BP79].



This property can be easily checked directly :

1 b12 R blN
gomt= |0 !
oobnoiN
0 0 1
The following relations are obtained :
biiv1 = miiprfori=1,...N -1
bi,i-l—k = Tii+k+ Zj:l,...,k—l 7Ti,i-|—jbi-|—j,i-|—k for 1 = 1,...N =2, k= 2,...,N—u.

From these relations, it is easy to show by induction that since matrix Il is nonnegative, matrix
(I — )~ is also nonnegative.

An other characteristic property of an essentially nonpositive matrix, M, which is an M-
matrix is the existence of a nonnegative vector x # 0 such that Mz > 0. This property,

together with the fact that each column of (I —II) has exactly one positive element, shows that
(I —1II) is a Leontief matrix [KWWT75].

2.2 A dynamic Input-Output representation

The evolution of production and stocks is described by a discrete-time model. In this model, all
the production and transportation delays, as well as set-up times, are supposed to be known,
constant and multiple of the elementary time unit. Such an assumption of constant lead-times,
independent of production levels is classical in requirements planning. In reality, as demonstrated
in [Kar93], lead-times are made of two terms : manufacturing times, which may often be assumed
constant and waiting times, which are strongly load-dependent, specially in heavy utilization
conditions. This is one of the reasons why it is important to build a closed-loop policy which
is sufficiently robust to parameter uncertainties and which has good disturbance attenuation
properties.

Each time unit is indexed by k, with ¥ € A'. To each product i , i = 1,..., N is associated
at time k

e an external demand, d;x, such that, in general, d;z = 0 Vk € A if ¢ is not a final product,

e a production level, u;, generating the output u;; at period k 4 6;; by definition, 8; is the
production delay (or lead-time) for product 7,

e the stock level at the end of period k&, s;1.

A possible representation of the system dynamics is based on timed-Petri nets. A Petri net
representation of a multistage product structure is represented on Fig.1l. From the structural
viewpoint, such a Petri net is characterized by the one-to-one correspondence between each
transition and its output place. Then, by convention, a transition and its output place carry
the same number and a unit weight can be put on each transition-place arc. The components
for which 7;; # 0 are associated to the input places of transition 7. Fach place which is not a
sink may be an input place to several transitions. The correspondence between the input-output
model and the Petri net model is then direct :



e the "Pre” matrix of the Petri net is the input matrix, II,
e the "Post” matrix of the Petri net is the output matrix, I,
e the incidence matrix of the Petri net (Post - Pre) is the net production matrix, (I — II).

The controllability properties of Petri nets for which the outdegree of each transition is 0 or
1 have been studied in other contexts, particularly in models of logic programs representing
Horn-clause predicates [Mer76].

Figure 1: A Petri net representation of a product structure

In addition to a logical interpretation of the product structure, the Petri net representation
provides a quantitative model of the production system, through the marking evolution equa-
tion. The marking variables considered here are real and nonnegative. They correspond to an
extension of Petri nets known as continuous Petri nets [VH86], [HV87], [DA8T7]. This extension
is combined with the use of timed-transitions : in order to produce the output wu;; at period
k+0;, the components j = 1, ..., N are required in quantities 7;;u;; at time k. The stock level, s;;,
corresponds to the marking of place ¢ at period k. Adding additional instantaneous transitions
for the external demand at each place, the marking evolution equation takes the form:

sk = sp—1 + [diag(q™%) — Mug — d (3)
From the Petri net representation of the system, it is clear that transition enabling conditions are
equivalent to the conditions of nonnegativity of stock levels at each instant : s;, > 0Ve=1,..., N,
Vk e N.

The existence of safety stocks is a classical technique to react to occasional demand fluctua-
tions. Nominal stock levels are usually related to the probability distributions of final demands.
They can be computed so as to achieve the best trade-off between expected inventory costs and
expected stock-out costs over the planning horizon (see e.g. [FH83]).



A nominal safety stock level, s7 > 0 can be considered for each product. In order to take
into account the possibility of backorders, a modified balance equation can be written, with the
components y;, of vector yi not necessarily nonnegative :

Yr = Y1 + [diag(q~") — Muy - dy (4)
The actual stock level can be deduced from equation (4) as follows :
sik. = Yikt+s; ilyw > —s] (5)
s = 0 with a backorder of — y;, — s7 if y;, < —s7.

Equation (4) can be re-written using the delay operator ¢=*:

(L =¢ Dyr =T up — di (6)
Matrix T(¢71) is called the dynamic net production matrix. It is defined by:
T(g™") = diag(¢~") - 11 (7)
In the sequel, matrix T(¢~!) is decomposed as follows:
T Y=To+q¢ 'Ty+ ..+ ¢7°T; (8)
where Ty = —11, (1) = diag(tf) with tf = 1if and only if §; = j, tf = 0 in any other case,

Vj=1,...,0. The system delay, denoted 8, is defined as the maximal lead-time :

6= m]gx b;. 9)

=1

2.3 The nominal activity levels

The production planning problem is now considered as a control problem, with y; as the output
vector, d; as an external input vector and uj as the control vector.
The demand vector is supposed random but stationary. It is decomposed as follows:

dy = d — wy, (10)

with mean values d = d, w; = 0.

In addition to demand net fluctuations for final products, the disturbance vector w; may
include disturbances on supply and production of intermediate products, and may represent the
effects of resource capacity variations and unpredicted delays. The disturbance vector wy is sup-
posed totally random and possibly time-varying. The only restrictive (but realistic) assumption
is that wy is bounded. At any period k, this vector may take any value in the polyhedral domain

R[L, A}, with L € RM*N_ M > N, rank(L) = N, X a nonnegative vector in ®M :

€ €

wg € R[L,A\]|=A{w ; LWSA}WithL:[fI]7 /\:l

] . (11)

Using the decomposition (10), the problem can be transformed into a regulation problem by
introducing the translated control vector:

v = up —u” (12)



where u* is the steady-state nominal control vector associated with the stationary mean demand
vector d:

u* = [diag(¢™") —1]"*d = (I - 11)"*d (13)

Nonnegativity of (I —1II)~! is a direct consequence of the fact that (I —II) is an M-matrix. Thus,
d > 0 implies from (13) u* > 0.

Therefore, for a multistage production system described by input matrix II of (2) and output
matrix [, vector u* is well-defined by relation (13) and nonnegative.

2.4 The state model

Using the change of variable (12), equation (6) is re-written in the form:
(L=a Yyr=T(¢ "o+ ws (14)
At time k, the past evolution of the system can be summarized by the state vector :
_ T
T = [Yk—1 Vk—1 " Vk—g) (15)

The system dynamics are described by the discrete-time state equation :

Tpy1 = Axg + Biwg + Bavg (16)
with
I Ty - - Ty T To
O ... RG] O T
A=|0O0 I O O |, B = . By=| 0
o .. 0 I O @ @

2.5 The domain of constraints

The physical meaning of stock and production variables imposes nonnegativity constraints. The
expression of these constraints should be adapted to the definition of the variables in model (14).

e Irom the change of variables (12), nonnegativity of the production vector uj can be
achieved by imposing the constraint :

vp > —u” (17)

e The possibility of having backorders is normally restricted to final products. For primary
and intermediate products, the nonnegativity constraints on stocks is formulated as in (5):

yik > —s; Yk eWN. (18)

Aggregated production capacity constraints are associated with the R resources, and similarly,
stock capacity constraints are associated with the P storage zones. Variable wu;; represents the
production release order for product ¢ at time k. Production is actually running at periods



k,....k4+8; — 1, and delivered at period k + 6;. Assuming a constant use of resources along the
production cycle, resource capacity constraints take the following form, for r =1,..., R, k > 8 :

N 8
ZmeuM_l < Mj, (19)

i=11=1

m; is the amount of ressource r currently needed to produce one unit of product .
M7 is the capacity of resource ¢ at period k.

If backorders are not allowed, storage capacity constraints take the form :

N N
> nfys < NP =D alls] (20)
=1 =1

n? is the capacity at stock p required for one unit of product i. System (16) is subject to the

K3

set of linear constraints (17), (18), (19) and (20), written in the state form

ok € R[Q, p] = {o;Qz < p} (21)
with@= | gt [ o= 20|, dim(@) =g x u, dim(p) =g
O .. 0] -Z 0o --- 0
and Q1 = Ly : , Q2= . )
o - 0 M | O ... 0 -7
v ] s*
/,L *
and p1=1| . |, p2=| .
p u”

3 The feedback control approach

3.1 The optimal control framework

The general structure of the control problem can be represented as on Fig.2. Three requirements
can be used to characterize the control problem :

1. stabilization in a region around the nominal conditions x* = 0, corresponding to the
nominal vector of stock levels s*, and to the nominal vector of activity levels, u™,

2. satisfaction of all the constraints along the system trajectory :

tr € R[Q,p), Yk e N

3. Attenuation of the effect of the bounded persistent disturbance vector wy € R[L, A\]Vk € N
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Figure 2: The control structure

Selecting the last requirement as the control problem objective, the problem can be interpreted
as a constrained (> to (> (or (') optimal control problem, and formulated as follows :

Minimize {ul}HyHéoo = sup Hkaoo
keN

subject to 21, € R[Q, p], Vk € N
Tpy1 = Az + Brwy, + Bavy, Yk e N
yp =[I O ... Olagyy, Vk e N

wy € R[L, A

In this version of the problem, it is supposed that the disturbance vector wy belongs to a
polyhedron R[L, A]. It is a straightforward extension of the classical formulation of the ¢ prob-
lem, in which the £° norm of the disturbance vector is supposed bounded. Several techniques
have been proposed to solve standard versions of this problem (see e.g. [DP87], [BS95], [Sha96],
[DH97] . As they are numerically involved, these techniques cannot be successfully applied to
the high dimensional planning problems considered here. However, it is possible, even for large
scale systems, to obtain feasible solutions providing reasonable upper bounds of the ¢! criterion,
using the positive invariance approach.

Firstly, to simplify the problem, only linear state feedback control laws will be investigated,
in the form :

vp = [F Gy -+ Gylag (22)

The dynamic closed-loop state equation associated to a feedback (22) is :

Tr41 = Az + Dwy, (23)
with ) ) -
I+ToF T+ 109Gy - - Ty + TGy 1
F Gy G O
O 1 o - @)
A= : . : ) and D =
L O o I O ] | O ]




Moreover, if it is possible to construct in the state space a closed polytope € positively
invariant with respect to system (23), then, application of the control sequence (22) to any
trajectory starting in © guarantees the boundedness of all the components of xy, Vk € AN and

provides an upper bound to sup ||y||c-
keN

3.2 The positive invariance approach

Positive invariance of a domain € with respect to system (23) means that any state trajectory
starting in  remains in €2, for any disturbance vector wy in R[L, A].

The positive invariance approach is able to provide local solutions to constrained control
problems by imposing the positive invariance of a domain € in the state space satisfying the
following conditions [VHBS8S] :

1. The zero state lies in the interior of €2,
2. € is positively invariant with respect to the controlled system,

3. Q C R[Q, p], where R[Q, p]] describes the polyhedron of constraints.

The polyhedron of constraints is defined by matrix ) and the positive vector p as in section 2.4.

3.3 The direct approach

Among the three conditions listed above, the first one and the third one are directly satisfied by
the choice : Q = R[Q, p]. However, in general, it is not possible to satisfy the second condition
for any polyhedron of constraints, specially when this polyhedron is compact, as it is the case
here.

To test if a polyhedron R[Q, p] can be made positively invariant with respect to system (23),
it suffices to test the conditions of the following lemma (see e.g. [DH96]).

Lemma 1 A necessary and sufficient condition for positive invariance of R[Q, p] with respect
to system (23) and for any disturbance vector wy, in R[L,\], is the existence of two nonnegative
matrices H and J such that :

HQ = QA (24)
JL = QD (25)
Hp+Jx < p (26)

This condition can be directly tested by Linear Programming. A possible objective function to
be minimized is the contraction rate ¢ obtained by replacing condition (26) by :

Hp+ JX < ep (27)
Invariance conditions are satisfied if the optimal value satisfies
e < 1.

Then, the solution F, G4, ...,, Gy defines an feasible control law, through relation (22).

However, in general, the problem above may have a solution €¢* > 1. In this case, the
constrained problem may still be solved locally. Other possible choices for € can then be
investigated, as shown in the following section.
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3.4 The indirect approach
3.4.1 Sets of admissible initial conditions

The constrained control problem can be solved locally if it is possible to construct a polyhedron

Q= R[Y, 0] such that :
1. ¢ > 0 (componentwise),
2. R[S, o] positively invariant,
3. R[S,0] C R[Q,p].

If the two first conditions are satisfied, the third condition can be replaced by the following
condition (Extended Farkas’ Lemma [Hen89]).

Lemma 2 A necessary and sufficient condition to achieve R[S, o] C R[Q,p] is the existence
of a nonnegative matrix P such that :

PS = Q (28)
Po < p. (29)

Clearly, if the conditions of Lemma 2 are satisfied, the domain R[S, o] defines a set of admissible
initial conditions for the constrained control problem. However, limiting the initial conditions to
any set R[S, o] satisfying the conditions of Lemma 2 would be unnecessarily restrictive. Rather,
this set should be selected as ”large” as possible. Several measures are available to compute
the size of this domain, in particular its volume, if it is bounded. It is also possible to show
the existence of a supremal positively invariant domain contained in R[Q, p], But in general,
this domain is not a polyhedron and is hard to compute (see [DH97] and references therein).
A more practical way to tackle this problem is to solve the unconstrained control problem,
and to construct the associated positively invariant domain contained in R[Q,p] and which
maximizes some particular size index. This approach will be developped in the next sections,
using a particular control scheme which allows for an easy construction of polyhedral positively
invariant domains.

3.4.2 Construction of a controlled invariant domain

The question of existence of positively invariant domains with respect to the considered system
can be solved by the following theorem, proved in [HB9S8].

Theorem 1 Positive invariance of certain compact polyhedral domains of the state space,
R[S, 0], can always be achieved with respect to the controlled system (23), under an appro-

priate choice of the gain matrices F, G4, ...,Gg of the control law (22).

A candidate linear state feedback control law is defined by the following gain matrices :

F = —(I-1)7"
G, = —(I-M)'Efori=1,..,0. (30)

11



A class of associated positively invariant symmetrical domains is defined by :

7 ol o
o —g-m o ... 0
S:[_%] adD=|0 o0 (-1 :
: - o
o .. O —(I-1

ol =[5 §1] with 67 =[aT pT .. 7).

with o and 3 positive vectors in RV satisfying 8 < a.
By application of Lemma 1, positive invariance of R[S, o], for ||| sufficiently small, derives

0
I o
from the existence of matrix H = | o . - which satisfies
Lo - I O]
HD =DA
HO <O

and from the choice of positive vectors a and 8 < o in R, under the condition :
a; > max(w;,w;) Vi =1,..., V. (31)

Conditions (1) and (2) of section 3.4.1 are satisfied by the control law defined by (30).
Condition (3) is also satisfied if the conditions of Lemma 2 apply. These conditions impose
constraints on the choice of vector & such that o7 = [T 67]. As matrix P and vector § are
both unknown, inequality (29) is nonlinear, and the best possible choice of vector § depends
upon the selected criterion. A practical technique for satisfying the conditions of Lemma 2 is
to start from an arbitrary choice of vector dg, then to find a matrix P satisfying (28) and (29),
and to optimize the choice of vector é for this particular matrix P. If the optimized vector §
satisfies conditions (31), the domain R[S, ¢] is admissible. If not, the problem can be reversed
by computing, from the same conditions (31), the maximal levels of disturbances (&;,w;) which
can be tolerated for each product 1.

Finally, if the conditions of Lemma 2 are satisfied by the domain R[S, o], this domain defines
a set of admissible initial conditions from which a feasible production trajectory is generated for
the closed-loop planning problem, under the closed-form control law defined by the gain matrices
in (30). The disturbance attenuation properties of the selected control law can be evaluated by
noting that due to the symmetry property of R[S, o], the inclusion R[S, o] C R[Q, p] implies

lyp| < 8™ Vk € N, V{w}w; € R[L, A,V e N.

4 Conclusion

Integration of production lead-times in the input-output model of a multistage production system
has led to a discrete-time dynamic model with activity levels as control variables, stock levels as

12



output variables and additive disturbances representing demand and production fluctuations. A
state representation of the system has been constructed and the multistage planning problem has
been formulated as a state feedback control problem. As the system is also subject to many linear
constraints on its control and output variables, an efficient approach to solve the control problem
is based on positive invariance of polyhedral sets. Linear matrix conditions have been established
to characterize candidate linear control laws and their associated positively invariant domains.
An explicit state feedback control law has been proposed and associated polyhedral positively
invariant domains have been constructed. The conditions of inclusion of such a polyhedron in
the domain of constraints then guarantee the feasibility of the plan.
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